
ANALYSIS OF THE MOTION OF A SUBSONIC 

FLOW IN A QUASI-CLOSED VOLUME 

Y u .  Z .  B u b n o v  a n d  M .  N .  L i b e n s o n  

V A P O R  

UDC 532.529.5 

The  m o t i o n  of a v a p o r  is  d e s c r i b e d  fo r  the  c a s e  in which the  in f luence  of g e o m e t r y  is  i s o -  
l a t ed .  The  p a r a m e t e r s  a r e  d e t e r m i n e d  fo r  a s u b s o n i c  v a p o r  f low on the  o u t e r  b o u n d a r y  of a 
g a s - k i n e t i c  l a y e r  n e a r  a s u r f a c e  of v a p o r i z a t i o n .  P r o f i l e s  of the  g a s - d y n a m i c  v a r i a b l e s  as  
a funct ion of the  d i m e n s i o n l e s s  c o o r d i n a t e  a r e  c a l c u l a t e d .  

The  a u t h o r s  and o t h e r s  [1, 2] have  a n a l y z e d  the  m o t i o n  of a v a p o r  in a q u a s i - e l o s e d  v o l u m e  fo r  the  
c a s e  in which the  in f luence  of f low r a t e  is  i s o l a t e d .  The  k i n e t i c  r e l a t i o n s  ob ta ined  in [3, 4] be tween  the  
i n i t i a l  g a s - d y n a m i c  p a r a m e t e r s  of the  v a p o r  and the  t e m p e r a t u r e  pf  the  v a p o r i z a t i o n  s u r f a c e  w e r e  t e s t e d  
e x p e r i m e n t a l l y  and the  p r o f i l e s  d e t e r m i n e d  for  the  v a r i a t i o n  of the  g a s - d y n a m i c  p a r a m e t e r s  of t he  v a p o r  
d u r i n g  t r a n s i t  in a c y l i n d r i c a l  c h a m b e r  with c onde nsa t i on  and r e v a p o r i z a t i o n  at  the  w a i l s .  

The  o b i e c t i v e  of t he  p r e s e n t  s tudy  is to  a n a l y z e  the  m o t i o n  of a v a p o r  in a c l o s e d  v o l u m e *  fo r  t he  
c a s e  in which the  in f luence  of g e o m e t r y  is  i s o l a t e d .  

We c o n s i d e r  the  c a s e  of v a p o r i z a t i o n  in a t r u n c a t e d  c o n v e r g e n t  cone  with  b a s e  d i a m e t e r s  ]3 o and D L 
(]3 o > D L) and he igh t  L with the  e n t i r e  v o l u m e  at  one g iven  t e m p e r a t u r e  ( d T c / d x  = 0) c l o s e  to the  v a p o r i z a -  
t ion  point ,  excep t  fo r  the  f o r c e - c o o l e d  c h a m b e r  c o v e r ,  w h e r e  the  v a p o r  i s  c o m p l e t e l y  c onde nse d .  In th i s  
c a s e  t h e r e  is  no ne t  v a p o r  c o n d e n s a t i o n  on the  s i d e  wa l l s  of the  c h a m b e r  [1, 2], and the  v a r i a t i o n  of the  
v a p o r  p a r a m e t e r s  a s  a func t ion  of the  c o o r d i n a t e  x is  d e t e r m i n e d  s o l e l y  by the  g e o m e t r y  of the  p r o b l e m . ?  

The  equa t ion  for  the  Mach n u m b e r  M = M(F)  in t he  c a s e  of i s o l a t e d  g e o m e t r i c a l  in f luence  has  the  
f o r m  [5] 

dM~' ( (M e -  I)-~<,{~- =: 2 1 ! - -  

F o r  an a r b i t r a r y  c h a m b e r  c r o s s  s e c t i o n  D x = D 0 -  2xcot~o 

- i ~w- ~- d--L-r (i) 
2 ] F 

d F~. 4 cot tp dx. 

F.,: D 0 - -  2x cot r 

Subs t i tu t ing  (2) into (1) and s e p a r a t i n g  v a r i a b l e s ,  we ob ta in  

M ~" - -  1 2 
dM -- dx. 

M ( I  ~ 7 - - - 1  ~,:~o_) D O 
X 

, 2 ~ 2 cot  ~p 

We r e d u c e  Eq.  (3) to d i m e n s i o n l e s s  f o r m .  The  b o u n d a r y  c r o s s  s e c t i o n  of the  g a s - d y n a m i c  p r o b l e m  is a 
c e r t a i n  c r o s s  s e c t i o n  xt s i t u a t e d  a t  a d i s t a n c e  of (2 to  3) h f r o m  the  v a p o r i z a t i o n  s u r f a c e  [3]. To s i m p l i f y  
t he  p r o b l e m  we a s s u m e  tha t  xi ~- 0, which  is s u f f i c i e n t l y  r i g o r o u s ,  b e c a u s e  L >> h fo r  Ps(T0) > 10 -2 t o r t .  

(2) 

(3) 

*The c h a m b e r  c o n s t r u c t i o n  is  d e s c r i b e d  in d e t a i l  in [1]. 
?The  v a r i a t i o n  of the  hea t  b a l a n c e  of the  mov ing  v a p o r  due to  c o n d e n s a t i o n  and r e v a p o r i z a t i o n ,  a s  in [1, 2], 
can be  n e g l e c t e d .  
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F ig .  1. C u r v e s  of M = M(}) fo r  d i f f e r e n t  v a l u e s  of the  p a r a m -  
e t e r  6 : 1 ) 6  = 1 . 2 ;  2) 1.33; 3) 2. 

F ig .  2. Mach n u m b e r  in the  i n i t i a l  g a s - d y n a m i c  c r o s s  s e c t i o n  
v e r s u s  g e o m e t r i c a l  p a r a m e t e r s  of the  c h a m b e r .  

Then  

where 

.~12 _ _  1 2 
dM " 

M ( 1  7--12 5 " )  8 - - [  
d~, (4) 

.v D,, [ = - - :  6 - -  
L 2L cot q~ 

] 3 y  a t r a n s f o r m a t i o n  of  the  l e f t - h a n d  s i d e  of E q .  (4 )  we ob ta in  

2 y = - I  

? - - i  d 3 i - -  ? - - 1  _ 
( ,}--_i_ ?,,. ") 

Integrating, we obtain 

- -  d~ (5) 

?-~i 

l / 2 3r \ 2{v-i; 

:~-~- t v - 1 J, = c (6 - ~ ) :  (6)  

We e v a l u a t e  the  c o n s t a n t  of i n t e g r a t i o n  f r o m  the  cond i t ion  M = 1 at  the  c r i t i c a l  g a s - d y n a m i c  c r o s s  s e c t i o n .  
F o r  an i s o l a t e d  g e o m e t r i c a l  i n f luence  the  c r i t i c a l  c r o s s  s e c t i o n  is  the  m i n i m u m  c r o s s  s e c t i o n  [6], i . e . ,  in 

C = 

ou r  p r o b l e m  the  c r o s s  s e c t i o n *  F L .  

Thus ,  M =  1 fo r  ~ = 1, so  tha t  

' 1 - ' - ?  " 2(~-1) 

( 6 -  I)  ~- 

and the  equa t ion  fo r  M = M(}) has  the  f o r m  
v+- 

__~_+~ / 1 -~- 1' av-,) 

1 ( _ -7 N z = ( 6 - - ~ )  ~ 
M , y 1 (6 . - -1)  ~ " (7) 

F o r  a d i a t o m i c  v a p o r  (T = 7 /5)  

*I t  is  e s s e n t i a l  to  no te  tha t  h i g h - f r e q u e n c y  d i s t u r b a n c e s  can  in p r i n c i p l e  p r o p a g a t e  f r o m  the  c r o s s  s e c t i o n  
F L d o w n s t r e a m  in the  s u b s o n i c  v a p o r ,  induc ing  an i n s t a b i l i t y  of the  i n v e s t i g a t e d  f low r e g i m e .  H o w e v e r ,  
i f  a coo l ed  c o v e r  is  p l a c e d  in t he  c r o s s  s e c t i o n  FL ,  w h e r e  the  c o n d e n s a t e  can only a c c u m u l a t e ,  p r a c t i c a l l y  
without  r e v a p o r i z a t i o n ,  the  s u b s o n i c  f low b e c o m e s  s t a b l e .  
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Solving Eq. (8) fo r  ~, we obta in  

1 215 
(-- 0- .  (8) - - - ( 5  + M") ~ - 6 ~o 

M ( 5 -  1) ~ 

= 6 6 - -  1 M2)3 
- -  _ ! (5 + . (9)  

14 ,7~  M 

C u r v e s  of M = M(}) p lo t t ed  a c c o r d i n g  to  Eq. (9) fo r  v a r i o u s  v a l u e s  of 6 a r e  g iven  in F ig .  1. It is  a p p a r e n t  
f r o m  the  f i g u r e  tha t  as  ~ -* 0 the  Mach  n u m b e r  b e c o m e s  c o n s i d e r a b l y  l e s s  than  un i ty ,  and fo r  ~ = 0 Eq.  (9) 
can  be  so lved  e x p l i c i t l y  fo r  5:  

M 0 ~ 0,58 . (10) 

The  d e p e n d e n c e  M 0 = M0(5) is  g iven  in F ig .  2. To f ind the  p r o f i l e s  of the  o t h e r  g a s - d y n a m i c  v a r i a b l e s  we 
need  to e v a l u a t e  t h e m  in the  i n i t i a l  g a s - d y n a m i c  c r o s s  s e c t i o n  as  a funct ion  of M0, i . e . ,  f ind n 1 = f(M 0) and 

TI = f(M0). 

We m a k e  u s e  of t he  so lu t i on  of the  g a s - k i n e t i c  p r o b l e m  for  the  d e t e r m i n a t i o n  of the  r e l a t i o n  of nl and 
T1 with n o and T o with r e g a r d  fo r  the  fac t  tha t  in our  c a s e  the  v a p o r  f lows at  a s u b s o n i c  v e l o c i t y ,  i . e . ,  u I 
< c l (T l ) ,  and we w r i t e  the  fo l lowing  in i t i a l  e x p r e s s i o n s :  

1 / /  kTo ' h '  kT,  
nlll I n o 

n,kT,  nokT o 2~kTdh nl u2 + - -  --. ,, 
rn 2 m m 

+ 
- T -  2 ~ .Y- 

' 

/ 
,, I 2kT1 I ' 

i~* ( ., l~ -~r~ ~ ) ' 

\ m / 4 
/ - ~ - ~ - -  

w h e r e  /3 is  an unknown quan t i ty  c h a r a c t e r i z i n g  the  f r a c t i o n  of r e v e r s e  p a r t i c l e  f lux  f r o m  inf in i ty  to  the  
v a p o r i z a t i o n  s u r f a c e  and in~ * (z) a r e  the  e r r o r  i n t e g r a l s  [7]. 

R e c o g n i z i n g  tha t  cl = qT (kT1/m),  we t r a n s f o r m  the  a r g u m e n t  of t he  funct ion in@* to the  f o r m  

( l l a )  

(llb) 

( l lc)  

d /+  ul m ul / -  7kTx------~ - M0 
2kT, - -  c~ ] /  2mkT,  

We now i n t r o d u c e  the  new v a r i a b l e  e = M 0 ~ / 2 ,  w h e r e  M 0 = u t / c  I. Then 

n o kTo = n l u  I 1 + ~ iq)*(O) 
-2~m 20 ' 

[ 1 8 i~(i),(O) ] n~176 = nxu~ 1 + 202 - -  0 ~  

n o u~ V a  + 1 4 - -  [ i~*  (o) ~-,' 6 i~* * (0)1 
203 

We deno te  

t, (8, 

fx(8, 0 ) =  1 + -  8 icD*(0), 
20 

f,  (8, 0) = 1 :r 1 8 i2@, (0), 
202 02 

0) = 1 + ~ + [ i~*  (0) + 6i~r * (0)]. 

(12) 

(13a) 

(13b) 

(13c) 

(14a) 

(14b) 

(14c) 

Then f r o m  (13a) and (14b) we have  

h i =  n_~o f2(~,  0) 
a f i (8 ,  0) (15) 

and f r o m  (13b), t ak ing  (15) into accoun t ,  
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g [ fl(~' 0) ]2T0" 
T, = ~ f,,(It 0 )  

Mult ip ly ing  (13a) by (13b) and d iv id ing  by (130), we obta in  a n o t h e r  r e l a t i o n  be tween  n I and no: 

no f~(~, o) 
/'/1 ~ - -  8 h(P, o).s o) 

F r o m  (15) and (17) we obta in  the  fol lowing a l g e b r a i c  equat ion  for  the  d e t e r m i n a t i o n  of fi: 

( i6) 

( i7) 

8 ]:22 (~, O) = f l  (~, O) f3 (8, 0). 

Equat ion  (18) r e p r e s e n t s  a q u a d r a t i c  equa t ion  in /3: 

8 
- - - .  (b 2 - -  20c[J -'- ca~ 2) = d i -  ad~ ~- g[J ~- agS'- ,  

(18) 

in which a, b, c, d, and  g a r e  d e t e r m i n e d  f rom (14a)-(14c) as fol lows:  

f , (~.  o) =~ 1 ~ aS; f .(~,  o) = b - - 4 ;  

tO* (0) 1 i:,cI)* (O) 
a - ; b - -  1 ' ; c = - -  " ~  

20 20 ~- 0 ~- 

5 iq)* (0) !- 6iar * (O) 
d = l  i ; g =  

20 ~ 20 a 

The so lu t ion  of Eq. (18) sub j ec t  to the  adopted no ta t ion  has  the fo rm 

/( )~ 16 bc : - a d - l . g : _  16 - .4[ 8 - - -  ] / bc-i- ad -" g 
, J l ,  ~ J l ,  

.i}<,< 

f~(13, o) = d -i- g~; 

- ;  

(19) 

The r e s u l t s  of a n u m e r i c a l  so lu t ion  of (19) a r e  g iven  in Fig.  3. The so lu t ions  of Eq. (16) and (17) a r e  

g iven  in the f i gu re  in  the  fo rm T I / T  0 = f(0) and n l / n  0 = f(6). It fol lows f r o m  the so lu t ion  M 0 = f(6) (Fig.  2) 
that  M 0 is c o n s i d e r a b l y  l e s s  than  un i ty  over  a wide r a n g e  of v a r i a t i o n  of the p a r a m e t e r  6. Accord ing ly ,  

we c o n s i d e r  s e p a r a t e l y  the  ca se  of s m a l l  M 0 and,  hence ,  s m a l l  0. It is ev ident  f rom Fig .  3 that  for  e ~ 0.4 
we have  /3 - 1 and T1/T 0 ~ 1. This  s i t u a t i o n  c o r r e s p o n d s  p h y s i c a l l y  to the condi t ion  when the k ine t i c  ene rgy  
of the d i r e c t i o n a l  s u b s o n i c  vapor  flow is  much  l e s s  than i ts  i n t e r n a l  energy ,  i . e . ,  

2 2 

We now find an a n a l y t i c a l  e x p r e s s i o n  for  n l / n  0 = f(0) unde r  the  g iven  a s s u m p t i o n s .  A c c o r d i ng  to (16) 
f2(0)/ft(G) ~- ~-f /20,  Then  on the ba s i s  of (15) 

n~_= t f2(8, 0 ) . ~  I 
n o .n f~(8, O) 2 i  ~-0f, (0) (20) 

For  a m o r e  p r e c i s e  c a l cu l a t i on  of the r a t i o  n t /n0  = f(0 we a p p r o x i m a t e  ~J = f(0) in the i n t e r v a l  0 ( O ~ 0.4 
by the l i n e a r  func t ion  /3 = 1 + a 0. It is s e e n  in Fig.  3 that  the  l ine  /J = 1 + 1.80 p r a c t i c a l l y  co inc ides  in the  
i nd i ca t ed  i n t e r v a l  with the cu rve  plot ted  for /J  = f(r a c c o r d i ng  to Eq. (19). Then,  t ak ing  (14a) and (t4b) i n -  

t l  I 
r~..z 

1Z o 1)j 
1 

to account ,  we have  

or ,  n e g l e c t i n g  the t e r m  ( a /2 ) e ,  

/'to i + (, ~-c~)0 

Finally, 
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Fig.  3. 13arameters  of vapor  in the in i t ia l  g a s - d y n a m i c  
c r o s s  sec t ion  v e r s u s  Mach number .  

Fig. 4. Norma l i z e d  curves  of vapor  p a r a m e t e r s  v e r s u s  
d imens ion le s s  coord ina te .  1) T / T  t = f(~); 2) p / p ~  = f(~); 
3) 13:'/131 = f(~). 

n~ 1 1 
- -  ~ ( 21 )  
r.0 l i- 2.50 1--  2.5 1 / ~  M0 

The express ion  thus obtained yields  good ag reemen t  with the exact values  of n l /n  0 calculated according to 
Eq. (17), up to 0 ~ 0.4, and can be used to de te rmine  the vapor  densi ty in the initial gas -dynamic  c ross  
sect ion.  In the der ivat ion of the gas -dynamic  re la t ions  we used a technique developed in [3] and based on 
the approx imat ion  of the p a r t i c l e  d i s t r ibu t ion  function in a Kaudsen vapor  l a y e r  by the Tamm--Mot t - -Smi th  
b imodal  function. Here ,  as opposed to [3], we use  this  approach for an a r b i t r a r y  value of the Mach num-  
b e r  (M < 1) at the outer  boundary of the g a s - k i n e t i c  l aye r ,  r a t h e r  than for  M = 1 only. The l eg i t imacy  of 
this  approximat ion  is upheld insofar  as the th ickness  of the Knudsen l a y e r  is s m a l l  in the event of an abrupt  
change of the d i s t r ibu t ion  function at its boundar ies  (namely ~2 or  3 p a r t i c l e  mean f r ee  paths) .  The r e -  
sul t ing approx imate  ga s -k ine t i c  r e l a t ions  shown in Fig.  3 a r e  in good ag reemen t  with the exact  solut ion 
given for  the gasZkinet ic  p rob lem in [8]. 

Knowing the values  of the vapor  p a r a m e t e r s  in the in i t ia l  g a s - d y n a m i c  c r o s s  sect ion,  we. can now use  
the wel l -known express ions  of [6] to ca lcu la te  the p ro f i l e s  of the densi ty ,  p r e s s u r e ,  t e m p e r a t u r e ,  and 
other  g a s - d y n a m i c  va r i ab l e s  as a function of the coordina te ,  because  they a r e  all  uniquely e x p r e s s e d  in 
t e r m s  of M and the ini t ia l  vapor  p a r a m e t e r s  n 1 and T t. 

Norma l i zed  curves  of the vapor  p a r a m e t e r s  P / P i  = f(~); P/Pl  = f(~); T/T1 = f(~) as a function of the 
d imens ion les s  coordina te  { a r e  given in Fig.  4 for  the above - s t a t ed  condi t ions.  

The foregoing theo re t i ca l  ana lys i s  of the motion of a subsonic  vapor  flow in a conica l  chamber  t h e r e -  
fore  shows that the vapor  r e m a i n s  hot (TI ~ To) and dense  over  a wide range  of va r i a t ion  of the chamber  
g e o m e t r i c a l  p a r a m e t e r s  and vapor i za t ion  t e m p e r a t u r e ,  even at a l a r g e  d i s t ance  f rom the vapor iza t ion  s u r -  
face.  Consequently,  a q u a s i - c l o s e d  volume having a conical  p ro f i l e  is well  r ecommended  for  the p roduc -  
t ion of vacuum condensates  with a t h e r m o d y n a m i c - e q u i l i b r i u m  c r y s t a l l i n e  s t r uc t u r e ,  where  the s u b s t r a t e s  
can be or ien ted  e i the r  pe rpend i cu l a r  or  p a r a l l e l  to the vapor  flow. 

NOTATION 

x is the coord ina te  m e a s u r e d  f rom the vapor iza t ion  su r face ;  
F is  the c r o s s - s e c t i o n a l  a r e a  of the chamber ;  
T o is the t e m p e r a t u r e  of the vapor iza t ion  sur face ;  
T w is the chamber  wall t e m p e r a t u r e ;  
T is the vapor  t e m p e r a t u r e ;  
13 is  the vapor  p r e s s u r e ;  
p is  the vapor  densi ty;  
M is the Mach number ;  
13 s is the s a tu r a t ed  vapor  p r e s s u r e ;  
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k 

ul, T1, Pl, Pl 

is the mean  f ree  path of the vapor  molecu les ;  
is the angle between the l a rge  base  and g e n e r a t r i c e s  of the chamber ;  
a r e  the velocity,  t e m p e r a t u r e ,  densi ty ,  and p r e s s u r e  of the vapor  in the initial  gas -dyna -  
mic  c ross  sect ion.  

i. 

2. 

3. 

4. 
5. 
6. 
7. 

8. 
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